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ABSTRACT: We present a theoretical description of polymer adsorption from solution which is based on
a mean field approximation but which goes beyond the standard ground state dominance approximation.
The properties of the adsorbed polymer chains are described by two coupled order parameters. This
allows a description of the chains in terms of tails and loops. When the bulk solution is dilute, the adsorbed
polymer layer has a double layer structure with an inner layer dominated by loops and an outer layer
dominated by tails. Explicit asymptotic forms are found for the monomer concentration profile and for
the crossover distance between the loops and tail regions. The precise concentration profile is obtained
by a numerical solution of two coupled differential equations. One of the surprising results is that the
total polymer adsorbed amount has a nonmonotonic variation with molecular weight and decreases for
large values of the molecular weight. The concentration profiles are also determined when the bulk
solution is semidilute or concentrated. At any bulk concentration, the monomer concentration has a
nonmonotonic variation with the distance to the adsorbing wall and shows a minimum at a finite distance.
This depletion effect can be significant in the vicinity of the crossover between dilute and semidilute
solutions. All the results are in agreement with the existing numerical solutions of the complete mean
field theory of polymer adsorption. Excluded volume correlations are taken into account by constructing
scaling laws for polymers in a good solvent both in dilute and in semidilute solutions.

I. Introduction

Adsorbed polymer layers have attracted considerable
attention in the recent years from both the experimen-
tal1 and the theoretical2 sides. The interest in these
systems is driven by the practical applications of ad-
sorbed polymer layers for colloidal stabilization as well
as for other purposes. Adsorbed polymers are also
interesting from a more general fundamental point of
view as providing an example of confined polymer
systems, a wider class including also grafted polymers,3
periodic microstructures in polymer and block-copoly-
mer blends,4 etc.
The equilibrium structure of homopolymers reversibly

adsorbed from dilute solutions was predicted theoreti-
cally many years ago in the classical papers of de
Gennes5 and Jones and Richmond.6 Much progress has
also been made recently in the description of both static
and dynamic properties7 of more complicated adsorbed
polymer systems, including block copolymers,8 polyelec-
trolytes,9 random heteropolymers,10 and irreversibly
adsorbed polymers.11
Recently, we have shown using scaling arguments

that the structure of adsorbed polymer layers far enough
from the adsorbing surface is determined primarily by
the tail of the polymer chains (end parts) rather than
by the loops (the central parts of the polymer chains).12
This implies that the structure of an adsorbed layer is
more complex than supposed by the classical theories.
The aim of the present paper is to reconsider in detail
the simplest situation of reversible adsorption of neutral
linear homopolymers. We mostly restrict ourselves here
to a mean field approach13 using a Flory-Huggins form
for the interaction free energy between monomers. This
approach is strictly valid for moderately dilute solutions
of macromolecules in marginal solvents, a situation
which is not unusual in experiments. For completeness
we consider the whole concentration range from very

dilute bulk solutions to moderately concentrated solu-
tions. In the last section, assuming that our results
remain qualitatively valid, we build scaling laws that
take into account the excluded volume correlations in
a good solvent.
Equilibrium adsorption has been also extensively

studied within the mean field approximation using a
combination of theoretical and computer approaches.1
An additional motivation of our work is a quantitative
comparison of our predictions with the “computer”
results.
The paper is organized as follows. In the next section,

we outline the classical mean field theory for adsorption,
which is based on the so-called ground state dominance
approximation. We show that ground state dominance
fails to account for the structure of the layer away from
the wall; the critical (crossover) distance z* between the
regions dominated by tails and loops is much smaller
than the gyration radius R of a polymer chain. We also
briefly give scaling predictions for the distributions of
loops and tails. A new approach valid at all distances
is presented in section 3. The concentration profiles for
the adsorbed layers in equilibrium with dilute and
semidilute solutions obtained with the new formalism
are analyzed in sections 4 and 5. The concentrated
regime is considered in section 6 using a combination
of different approaches. In section 7, the results are
extended to polymer solutions in a good solvent.

II. Classical Mean Field Theory of Polymer
Adsorption
A. Ground State Dominance Approximation.

We consider a solution of long polymer chains at thermal
equilibrium attracted by an adsorbing wall. We assume
that the bulk solution falls in the so-called marginal
regime,14 where the interaction free energy between
monomers, Fint, is dominated by the second virial term:

where v is the second virial coefficient or excluded
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volume between two monomers and c is the local
concentration. The marginal regime requires that on
the one hand the effective polymer volume fraction φ ≡
cv is small, and on the other hand that the statistics of
the polymer chains (and their fragments) is Gaussian.
This last requirement is fulfilled if14,15

where a is the monomer size and where it is assumed
that v/a3 , 1.
The total free energy of the solution (for a given

concentration profile c(r)) is the sum of the interaction
contribution Fint, of the conformational free energy Fconf,
and of the attractive interaction with the wall,

The potential Us(z) accounts here for the short range
attraction of the monomers to the wall, z being the
coordinate normal to the wall. The conformational term
in the square-gradient approximation13,15 reads

Equation 4 is valid when the characteristic wavelength
associated with the spatial variations of c(r) is larger
than a, but smaller than the gyration radius of a
polymer coil, R ) aN1/2, where N is the number of
monomers per chain (note thus that a is the chain
statistical segment divided by x6).
The total (grand canonical) thermodynamic potential

of the system is

The free energy is F ) Fint + Fconf + Fs, and the bulk
chemical potential is related to the bulk concentration
c0 by µ0 ) Tvc0. The minimization of F̃ over c(z) [in the
following we assume that the system is uniform in the
x, y plane] leads to the following Edwards equation17

where ψ′′ ≡ d2ψ/dz2, and Utot(z) ) Us(z) + Uint(z) is the
total effective field acting on each monomer, Uint(z) )
δFint/δc(z) being the average molecular field. [Here and
below we choose T as the energy unit and a as the unit
length.] The order parameter ψ ) ψ(z) is proportional
to the chain end concentration. It is related to the total
concentration by

The boundary conditions are ψ(0) ) 0 and ψ(∞) ) 1.
This last condition imposes that E ) Utot(∞) ) µ0. We
assume from now on that the wall attraction is short
range: the potentialUs(z) is not negligible only in a thin
layer close to the wall. It is well-known18 that the effect
of a local potential Us(z) can be reduced to an effective
boundary condition at z ) 0 (if one is interested only in
the region outside the attractive layer):

where b is the so-called extrapolation length (inversely
proportional to the adsorption strength) which depends

only on the wall potential. If we use the effective
boundary condition (7), the surface contributionUs must
be omitted from the potential.
We can then rewrite eq 5 as -ψ′′ + Uψ ) 0 where U

) Uint - µ0 ) φ - φ0. The order parameter is then given
by19

where

ê is the bulk correlation length. The concentration
profile then reads

In the formal limit φ0 f 0 corresponding to an equilib-
rium with an extremely dilute bulk solution we get

In this regime, the polymer chains are trapped near the
wall and the adsorbance (surface coverage) Γ ≡ ∫φ(z)
dz is dominated by short distances (z ∼ b) and is finite,
Γ ) 2/b.
The range of validity of the concentration profile (11),

which is formally exact in the limit φ0 f 0 has not yet
been discussed. The results described above are based
on the so-called ground state dominance approxima-
tion,13 which is not expected to be valid at distances
larger than the coil size R. On the other hand, the
ground state dominance approximation is valid at
shorter scales, z , R. It is important to note, and this
is one of the main messages of this paper, that there is
another restriction: the profile (11) also implies that
the concentration of the central parts of the chains
(loops) dominates over the contribution of the end parts
(tails). This restriction is analyzed below using the
scaling approach used earlier in ref 12.
B. Loops and Tails: Scaling Picture. We first

consider the distribution of chain ends, F(z) ≡ vce(z),
where ce is the concentration of chain ends, assuming
that the total concentration is given by eq 11 for z j R.
In the ground state dominance formalism F(z) ∝ ψ(z) ∝
xφ(z), so that F(z) ) const/(z + b). The prefactor is
found from the normalization condition

which simply means that there are two ends per chain.
The result is

We now take into account the fact that each chain
end at a position z is the end point of a tail comprising
g ∼ z2 monomers. The concentration of monomers
belonging to tails is thus of order φt(z) ∼ z2F(z). Omit-
ting the logarithmic factor in eq 13, we thus get in the
region b , z , R

φ . ( va3)
2

(2)

Fs ) ∫c(r)Us(z) d
3r (3)

Fconf ) a2

4
T∫(∇c)2c

d3r (4)

F̃ ) F - µ0∫c(r) d3r

-ψ′′ + Utotψ ) Eψ (5)

φ(z) ) φ0ψ
2(z) (6)

ψ′(0)/ψ(0) ) -1/b (7)

ψ ) coth( z2ê
+ â) (8)

â ) (1/2) arcsinh(b/ê); ê ) a/x2φ0 (9)

φ(z) ) φ0 coth
2( z2ê

+ â) (10)

φ(z) ) 2
(z + b)2

(11)

∫0RF(z) dz =
2
N

Γ (12)

F(z) =
4
Nb(ln Rb )

-1 1
z + b

(13)

φt(z) ∼ z
Nb

(14)

2180 Semenov et al. Macromolecules, Vol. 29, No. 6, 1996



Comparing φt with the loop concentration given by eq
11, we conclude that the loops are dominant at short
distances from the wall z < z*, where12

At larger distances, z > z*, it is the tails that dominate,
the contribution of loops to the total concentration being
negligible. The scaling behavior of the total concentra-
tion φ = φt in the region z > z* must obey the same
scaling law, φ ∼ 1/z2 as at shorter distances. This
statement is extensively discussed below. However, it
can be justified by the following argument. The molec-
ular field is U ) φ in the regime under consideration.
One can easily check that if the potential U ∼ 1/zR were
decreasing faster than 1/z2 (R > 2), then the tails would
leak out from the wall (the tail concentration would
diverge at z f ∞). On the other hand a U profile with
R < 2 would lead to a localization of tails and loops near
the wall: the concentration would decay exponentially
at large z. Obviously, both behaviors are inconsistent
with the condition U ) φ. Therefore, R ) 2. Therefore
F(z) ∼ φt/z2 ∼ 1/z4 in the region z > z*, so that the loop
concentration is φl(z) ∝ F2(z) ∝ 1/z8. Assuming a smooth
crossover in the region z ∼ z* we thus obtain

Thus we obtain (within the mean field approximation)
an additional long-distance regime z > z* (originally
predicted in ref 12) where the tails play a dominant role.
In this section, the treatment is limited to scaling laws,
it is not quantitative and also does not look completely
rigorous. A more quantitative formalism taking into
account both loops and tails is described below.

III. Mean Field Theory of Tails and Loops
A. Adsorbed versus Free Chains. We now go back

to the most general mean field formulation of the
adsorption problem and consider a system of ideal
chains near an attractive wall, characterized by the
extrapolation length b (b , R) and submitted to a given
external potentialU(z) (U f 0 for z f ∞). The partition
function Z(n,z) of a chain consisting of nmonomers with
one end point fixed at position z and the other end point
free obeys the following equation15,17

with the boundary condition (Z′/Z)z)0 ) -1/b and with
the initial condition Z(0,z) ) 1. The general solution of
eq 17 is

where ψs(z) and Es are respectively the eigenfunctions
and the eigenvalues of the “Schrödinger equation”
associated with eq 17: - ψ′′s + Uψs ) Esψs. If the
eigenfunctions are normalized, ∫0∞ψs

2(z) dz ) 1, the
closure relation fixed the amplitude Ks ) ∫0∞ψs(z) dz.
In the general case, the spectrum Es consists of a

continuous branch (E ) q2) and a set of discrete levels

(Es < 0). In the case of adsorption, the discrete part is
due to the local attraction to the wall. In the absence
of molecular field (U ) 0), the discrete part would
consist of only one level E0 ) -1/b2. The molecular field,
which is due to the repulsion between monomers, cannot
create additional bound states but can only increase E0
(i.e. decrease |E0|). Therefore, in the adsorption prob-
lem, the discrete spectrum always contains only one
bound state, E0 ) -ε. Note that ε is in fact the effective
adsorption energy per monomer. Our basic assumption
which is crucial for the whole formalism is that the
binding energy per chain is large enough

εN . 1 (19)
We will show below that this condition is satisfied if the
bulk concentration is low enough.
The partition function Z(N,z) can then be represented

as

where the two terms in the right hand side correspond
to the discrete level and to the continuous spectrum.
We now distinguish between adsorbed (bound) chains

which have at least one monomer in contact with the
adsorbing wall and free chains which do not have any
contacts with the wall. An adsorbed chain comprises a
train, the section including all the monomers between
contacts and two tails including the monomers between
a free end and the last or the first contact.
The partition function of a chain of N monomers can

be decomposed as a sum of two terms corresponding to
adsorbed and free states:

where the indices a and f stand for “adsorbed” and
“free”. Obviously, in the very vicinity of the wall, Z(N,
0) ) Za(N, 0) since z ) 0 implies that the chain is in an
adsorbed state; the partition function Z(N, 0), when the
condition (19) is satisfied, is dominated by the first
eigenvalue in eq 20:

An adsorbed chain can then be divided into a tail (the
first n links between the end and the first contact point
with the wall) with a partition function Ztail(n,z) and
the rest of the chain (train + another tail) with a
partition function Z(N-n, 0). Accordingly, we write the
partition function of the whole chain (with the end point
fixed at position z) as

where

Note that this last equation and the condition (19)
impose that the cutoff number of monomers in a tail is
nc ) 1/ε , N. Therefore the upper limit in the integral
can be extended to infinity, so that the function Ztail(z)
virtually does not depend on N.
Hence

z* ∼ (Nb)1/3 (15)

φl ∼ 1
z2
; φt ∼ z

Nb
b < z < z* (16a)

φl ∼
(Nb)3

z8
; φt ∼ 1

z2
z* < z , R (16b)

∂Z
∂n

) Z′′ - UZ (17)

Z(n,z) ) ∑
s

Ksψs(z) exp(-Esn) (18)

Z(N,z) ) K0ψ0(z) exp(εN) + ∑
q

K(q)ψ(q,z) exp(-q2N)

(20)

Z(N,z) ) Za(N,z) + Zf(N,z) (21)

Z(N, 0) ) const exp(εN)

Za(N,z) ) ∫0NZtail(n,z)Z(N-n, 0) dn ) exp(εN)Ztail(z)
(22)

Ztail(z) ) const∫0NZtail(n,z) exp(-εn) dn

Macromolecules, Vol. 29, No. 6, 1996 Adsorption of Polymer Solutions onto a Flat Surface 2181



Obviously, the second limit is 1, and the first limit (see
eq 20) is just K0ψ0(z).
Equation 22 can then be rewritten as

The adsorbed chain contribution Za corresponds thus
to the first term in eq 20 (bound state), and the free
chain contribution Zf to the second term (continuous
spectrum).
The concentration of chain ends, F [note that here and

below we use the volume concentration ()volume frac-
tion) defined as the number concentration times the
excluded volume, v], is proportional to the chain parti-
tion function, F(z) ) const Z(N,z), where const ) F(∞) )
2φ0/N since Z(N,∞) ) 1. In particular, the concentration
of end points of adsorbed chains is

The total number of end points of adsorbed chains,
∫Fa(z) dz, is equal to 2Γ/N, where the adsorbance Γ is
the total number of monomers belonging to adsorbed
chains, hence

Note that this result can also be obtained by balancing
the chemical potentials of the free chains in the bulk to
the chemical potential of the adsorbed chains.
B. Loops and Tails Concentration. The total

monomer concentration at point z can be calculated as

Using eq 26, we write the total concentration as a sum
of three terms: φ(z) ) φl(z) + φt(z) + φf(z), where

The concentration of monomers belonging to loops, tails,
and free chains are respectively φl, φt, and φf. Using
eqs 23 and 25, we can rewrite eq 27a as φl(z) = Γψ0

2(z).
This last equation implies that the total number of
monomers belonging to loops, ∫φl(z) dz, is close to Γ. This
is consistent since the adsorbance is dominated by short
loops and the contribution of tails is small. The differ-
ence between φl(z) and Γψ0

2(z) is due to the fact that eq
23 is valid only if n is large enough (nε. 1). For smaller
n eq 23 overestimates the function Za; this effect can
be taken into account by a renormalization of the
prefactor Γ f Γl: φl(z) ) Γlψ0

2(z), where Γl ) Γ - Γt =
Γ is the total number of monomers per unit area
belonging to loops, and Γt is the contribution of the tails.

The statement that end effects for φl can be accounted
for just by a renormalization of the prefactor is not
trivial. However, we do not discuss this point here in
more detail as this renormalization is not important for
most of the results considered in the present paper. The
statement is proved in the second paper of this series.
Defining ψ(z) ≡ xΓlψ0(z) we obtain

The function ψ satisfies then the following equations:

Using eqs 24 and 25, eq 27b, the tail concentration,
can be rewritten as φt(z) ) Fa(z)æ(z),

where

According to its definition the free chain partition
function Zf satisfies the same “Schrödinger” equation
as the total partition function Z:

but with the boundary condition

Using eqs 32-34 and taking into account the initial
condition Zf(0,z) ) 1, we get

Equations 35 completely specify the function æ(z),
provided that we also take into account the boundary
condition that æ does not diverge exponentially at
z f ∞.
C. Free Chains. We now consider the last contribu-

tion to the total concentration due to the free chains,
eq 27c.
The general solution of eqs 33 and 34 can be written

as

where the eigenfunctions ψ(q,z) satisfy the eigenvalue
equation

and

Here, in the free chains problem, only the continuous
spectrum is involved. The free chain partition function
Zf is also equal to the second term in eq 20; however,
the functions ψ(q,z) and K(q) in eq 20 and in eq 36 are

Ztail(z) ) Za(N,z) exp(-εN) )

{lim
Nf∞

Z(N,z) exp(-εN)}{limNf∞

Za(N,z)

Z(N,z) }

Za(N,z) ) exp(εN)K0ψ0(z) (23)

Fa(z) )
2φ0
N
K0 exp(εN)ψ0(z) (24)

φ0K0
2 exp(εN) ) Γ (25)

φ(z) )
φ0

N∫dn Z(n,z)Z(N-n,z) (26)

φl(z) )
φ0

N∫ dn Za(n,z)Za(N-n,z) (27a)

φt(z) )
2φ0
N ∫ dn Zf(n,z)Za(N-n,z) (27b)

φf(z) )
φ0

N∫ dn Zf(n,z)Zf(N-n,z) (27c)

φl(z) ) ψ2(z) (28)

-ψ′′ + Uψ ) -εψ; ψ′(0)/ψ(0) ) -1/b;
ψ(∞) ) 0 (29)

φt(z) ) Fa(z)æ(z) ) Bψ(z)æ(z) (30)

B ) 2Γ
NK

; K ≡ ∫ψ(z) dz = K0xΓ (31)

æ(z) ) ∫ dn Zf(n,z) exp(-εn) (32)

∂Zf

∂n
) Z′′f - UZf (33)

Zf(n,0) ) 0 (34)

-æ′′ + (U + ε)æ ) 1; æ(0) ) 0 (35)

Zf(n,z) ) ∑
q

K(q)ψ(q,z) exp(-q2n) (36)

-[ψ(q,z)]′′ + U(z)ψ(q,z) ) q2ψ(q,z); ψ(q,0) ) 0
(37)

K(q) ) ∫ψ(q,z) dz
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different: we have chosen here a boundary condition
on the wall which is more natural for free chains. Let
us define

The free chain order parameter ψf(z) tends to 1 for z f
∞, and we call λf the characteristic scale corresponding
to the region where ψf is appreciably different from 1.
We assume now that λf is much smaller than the chain
size (λf , R ) N1/2); we shall see below that this
assumption is valid in most of the regimes, where λf is
of the order of the cutoff tail size λ ) nc1/2 ) ε-1/2 (λ ,
R). One can then show that for n . ñ ) λ2, the right
hand side of eq 36 is dominated by the first term (with
q ) 0) which is exactly equal to ψf(z); we thus write

where δZf , ψf if n . ñ ) λf2. The free chain
concentration, eq 27c, can thus be written as

where

The last term in curly brackets in the right hand side
of eq 39 can be neglected since ñ , N so that the
integrand is always small.
The function δZf(n,z) ≡ Zf(n,z) - ψf(z) still satisfies

the “Schrödinger” equation

so that

When n goes to zero, the partition function δZf(n,z) is
such that δZf(0,z) ) Zf(0,z) - ψf(z) ) 1 - ψf(z); in the
limit of high molecular weight δZf(N,z) is negligible. In
addition it is clear that æf(∞) ) 0. We therefore obtain
the following set of equations for the free chains:

The first term in curly brackets in eq 42 corresponds to
the contribution of the central parts of the free chains,
whereas the second term corresponds to the end parts.
The set of eqs 28, 30, 35, 29, 42-44, and 25 completely

defines the concentration profiles for loops, tails, and
free chains for a given potentialU(z). In the adsorption

problem, the mean field potential U(z) is defined self-
consistently:

IV. Dilute Solution
A. Extremely Dilute Solution Limit. In this

section we study the adsorption from a dilute solution
and we assume that the bulk volume fraction φ0 is
extremely small (φ0 , 1/N) so that both the concentra-
tion of free chains, φf, and the bulk concentration can
be neglected. [We always assume that the chains are
long enough, so that N . b2.] In the regime where the
free chains can be neglected, there exists a first integral
to the equations obtained in the previous section

Let us first consider the region z , λ, where λ ) 1/
xε is the thickness of the adsorbed layer (the cutoff
length). In this regime, the molecular potential U is
much larger than ε so that we can rewrite the basic eqs
28, 30, 28, and 35 neglecting ε as

We first take the limit b f 0 and rescale the two
functions ψ and æ and the unit length

where the crossover length l is defined as

Equations 47a-47c then read

The universal functions ψ̃ and æ̃ satisfying eqs 49a and
49b have the following asymptotic behavior

The proper boundary conditions for the concentration
profile can now be satisfied simply by changing z to z +
b with a relative error of order b2/N which is negligible
everywhere. Thus ψ(z) ) (1/l)ψ̃((z + b)/l) and the
amplitude K is equal to

The total adsorbance is then

U(z) ) φ - φ0 ) φl + φt + φf - φ0 (45)

(ψ′)2 + Bψ′æ′ + F - 1
2
(φ - φ0)

2 - ε(φ - φ0) ) 0 (46)

-ψ′′ + Uψ ) 0; ψ′/ψ|z)0 ) -1/b (47a)

-æ′′ + Uæ ) 1; æ|z)0 ) 0 (47b)

U ) φ ) φl + φt ) ψ2 + Bψæ (47c)

ψ(z) ) 1
l
ψ̃(z/l); æ(z) ) l2æ̃(z/l); U(z) ) 1

l2
Ũ(z/l)

l3 ) 1
B
≡ NK

2Γ
(48)

-ψ̃′′ + (ψ̃2 + ψ̃æ̃)ψ̃ ) 0; ψ̃(0) ) ∞ (49a)

-æ̃′′ + (ψ̃2 + ψ̃æ̃)æ̃ ) 1; æ̃(0) ) 0 (49b)

ψ̃(ú) )
x2
ú
; æ̃(ú) ) 1

3
ú2 ln(1ú) ú , 1 (50a)

ψ̃(ú) ) 360
ú4

; æ̃(ú) ) ú2

18
ú . 1 (50b)

K ) ∫ψ(z) dz ) ∫b/l∞ψ̃(ú) dú = 21/2 ln(l/b) (51)

Γ ) ∫φ(z) dz = 2/b (52)

ψf(z) ) ψ(0,z)/ψ(0,∞)

Zf(n,z) ) ψf(z) + δZf(n,z) (38)

φf(z) )
φ0

N{Nψf
2(z) + 2ψf(z)æf(z) +

∫0NδZf(n,z)δZf(N-n,z) dn} (39)

æf(z) ) ∫0NδZf(n,z) dn (40)

∂δZf

∂n
) δZ′′f - U δZf; δZf(n,0) ) 0 (41)

-æ′′f + U æf ) δZf(0,z) - δZf(N,z); æf(0) ) 0

φf(z) ) φ0{ψf
2(z) + 2

N
ψf(z)æf(z)} (42)

-ψ′′f + Uψf ) 0; ψf(0) ) 0; ψf(∞) ) 1 (43)

-æ′′f + Uæf ) 1 - ψf; æf(0) ) 0; æf(∞) ) 0
(44)
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Note that the total adsorbed amount in this regime is
dominated by short loops with a size z ∼ b , l and is
thus close to that predicted in the limit N f ∞ in the
classical ground state dominance approximation (eq 11),
Γ0 ) 2/b. The crossover length l is obtained from eqs
48, 51, and 52

The chain end point concentration is related to the
order parameter ψ by eqs 24, 25, and 31

Therefore in the dilute solution regime, the chain end
concentration is F(z) ) Fa(z) ) [4/bN ln(l/b)](1/l)ψ̃((z +
b)/l).
The concentrations of monomers belonging to tails

and loops are φl(z) = (1/l2)φ̃l((z + b)/l) and φt(z) = (1/l2)
φ̃t((z + b)/l), where φ̃l(ú) ) ψ̃2(ú) and φ̃t(ú) ) ψ̃(ú)æ̃(ú);
the asymptotic behaviors of these functions are given
in Table 1. The results are in agreement with eqs 16a
and 16b previously obtained by scaling arguments: in
the region z , z* the concentration is dominated by
loops and the classical law, eq 11, is nearly valid; in the
region z . z* tails give the dominant contribution to
the concentration; in the region z ∼ z* the tail concen-
tration reaches a maximum. The scaling dependence
of the total concentration φ ()U) is the same in both
regimes (z , z*, z . z*), φ ∼ 1/z2; however, the prefactor
is larger by a factor of 10 in the region z . z*. The
universal concentration profiles φ̃l(ú) and φ̃t(ú) and φ̃ )
φ̃l + φ̃t obtained numerically are shown in Figure 1. Note
that the crossover regime z ∼ z* where neither of the
asymptotic forms of φ̃ are quantitatively accurate is
rather broad, corresponding approximately to z* < z <
10z*. The structure is clearly dominated by short loops
(z ∼ b) created by adsorbed chains close to the wall,
large loops being much less probable. On the other
hand the tails are effectively expelled from the wall to
a distance z ∼ z* . b, the maximum of φt corresponding
to z ) zmax ) 0.63z*.
We now discuss the cutoff region z J λ where the

molecular field U becomes comparable to ε. The bound
state energy ε can be calculated from eqs 25, 51, and
52:

where we have ignored a logarithmic factor in the
argument of the logarithm. Note that εN . 1 (if φ0 is
small) and that λ ) 1/xε is smaller than the radius R

) xN but is larger than the crossover length z* ∼
(Nb)1/3 in the asymptotic limit N f ∞.
In the region z ∼ λ . z* the loop contribution to the

total concentration can be neglected and thus the system
of basic equations can be rewritten as

where we have defined æ(z) ) λ2æλ(z/λ) and ψ(z) ) (1/
Bλ4)ψλ(z/λ). These functions have the following asymp-
totic behaviors:

Equation 57a matches smoothly to eqs 50b, as expected.
The concentration profiles φl and φt can be found from
the general eqs 28 and 30. The numerical solution for
the reduced total concentration, φλ(ú) ) ψλ(ú)æλ(ú) is
shown in Figure 2.
The asymptotic behaviors for z . λ are also given in

Table 1. Both φl and φt decay exponentially in this
region, the decay length being λ for the tail concentra-

Table 1. Concentration Profiles for O0 , 1/N a

regime type φl φt φf U

λ , z , D TH ∼(z*)
6

λ8
e-2z/λ ∼1

λ2
e-z/λ φ0P(z) φt + φf - φ0

z* , z , λ TE 1800(z*)6

z8
20
z2

∼φ0 z7

R3λ4(1 + z3R
λ4 ) φt

b , z , z* LE 2
z2

4z
(z*)3

ln(z*z ) ∼φ0
z4(z*)3

R3λ4
ln(z*z ) φl

a The first letter in “type” is T (adsorbance is dominated by tails) or L (dominated by loops); the second letter is H (hairpin penetration
of free chains) or E (end-penetration of free chains). Here z* ) [Nb ln(N/b2)]1/3.

a

b

Figure 1. (a) Universal concentration profiles for loops (φ̃l),
tails (φ̃t), and total concentration φ̃ ) φ̃l + φ̃t: φ̃l, φ̃t, φ̃ vs z/l
(dashed line total concentration, the tail concentration van-
ishes at the origin, the loop concentration diverges); (b) φ̃(z/l)2
vs z/l.

-ψ′′λ + (æλψλ + 1)ψλ ) 0; ψλ(0) ) ∞ (56a)

-ψ′′λ + (æλψλ + 1)æλ ) 1; æλ(0) ) 0 (56b)

ψλ(ú) ) 360
ú4

; æλ(ú) ) ú2

18
ú , 1 (57a)

ψλ(ú) ) const exp(-ú); æλ(ú) ) 1 ú . 1
(57b)

l =
z*

21/231/3
; z* ≡ [Nb ln(Nb2)]1/3 (53)

Fa(z) ) 2Γ
NK

ψ(z) (54)

ε =
1
N
ln( 1
φ0b

2) (55)
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tion and λ/2 for the loop concentration. The asymptotic
variation of the concentration in the region z . λ is

so that in the cutoff region (for z ∼ λ) φ = φt ∼ ε.
Let us now consider the variation of the adsorbance

Γ with molecular weight. As already mentioned, the
dominant contribution to the adsorbance, Γ0 ) 2/b (see
eq 52), comes from the region close to the wall z ∼ b. As
Γ0 does not depend onN, we need to consider corrections
to eq 52. The two main subdominant contributions to
Γ are coming from the regions z ∼ z* and z ∼ λ: Γ ) Γ0
+ Γ1 + Γ2, where Γ1 ) (1/l)∫[φ̃(ú) - (2/ú2)] dú and Γ2 )
(1/λ)∫[φλ(ú) - (20/ú2)] dú. A numerical estimate of the
integrals leads to

The first correction is positive, giving rise to a decrease
of Γ with N, whereas the second correction gives rise to
an increase of Γ with the molecular weight. The
adsorbance has thus a nonmonotonic variation with
molecular weight. In the limit N f ∞ the second
correction is negligible and for large N we predict that
Γ slightly decreases with molecular weight. Although
this anomalous dependence1 is counterintuitive, it can
be explained in a simple way: the structure of the
adsorbed layers depends on molecular weight mostly via
the dependence of the number of tails (per unit area)
which decreases as 1/N. As shown above, the tails are
expelled from the wall and contribute appreciably to the
total concentration in the region z J z*. On the other
hand the structure of the adsorbed layer near the
surface is insensitive toN (ifN is large), as it is governed
by a balance between the attraction of short loops to
the wall and their mutual repulsions. Therefore the
variation of the adsorbance with molecular weight
comes from the tail contribution and the adsorbance
decreases with molecular weight.
Using eq 59, we estimate that the maximum of Γ is

reached when N ) Nc = 1.3 × 107b2: for N < Nc we
predict a normal increase of Γ with N. Therefore the
anomalous regime considered above is probably only of
academic interest since Nc is too large to be reached in
experiments or computer simulations (note that in
general b > 1, i.e. the extrapolation length is longer than
the statistical length divided by x6).
Another interesting question is the variation of the

concentration at the adsorbing wall, φ(0), withN. Using
the general conservation law (46) we obtain

Thus φ(0) is always increasing with molecular weight
as expected. Note that an increase of φ(0) with N is
dictated by general thermodynamic rules provided that
longer chains always tend to substitute shorter ones in
the adsorbed layer at equilibrium. However, there is
no similar rule for the adsorbance Γ.
B. Free Chains: Depletion. In our previous analy-

sis, the concentration of free chains has been neglected;
we now discuss explicitly the role of the free chains in
the limit where φ0 , 1/N. The contribution of free
chains to the concentration is negligible at the edge of
the adsorbed layer (z ∼ λ) where φ ∼ ε . φ0, and also in
the regions closer to the wall. On the other hand for z
. λ the interaction between monomers is negligible
since UintN ∼ φ0N , 1. Therefore the typical scale
corresponding to the free chains concentration profile
is of the order of the Gaussian radius R ) xN; i.e.
much larger than λ. The free chains must feel the wall
and the excluded volume repulsion of the adsorbed layer
of thickness λ , R as a virtually impenetrable hard
surface. At a scale R, the concentration of free chains
is thus nearly the same as that of ideal (noninteracting)
chains near a hard wall. [Of course these conclusions
are supported by the analysis of the basic “free chain”
equations (42)-(44), which are qualitatively valid in the
present regime. The typical length scale λf is not much
smaller than R, as required for these equations to be
strictly valid; rather it is of order R. Note that the end
contribution (second term in curly brackets in eq 42)
can be neglected in the region z > λ.] This distribution
is well-known and can be easily found using the image
charge method:16

where P(x) ) 1 - 8i2erfc(x/2) + 4i2erfc(x) has the
asymptotic behaviors P(x) = x2/2 for x , 1 and P(x) = 1
- (16/π)x-3 exp(-x2/4) for x . 1. The function inerfc(x)
is a repeated integral of the error function defined in
ref 20: in+1erfc(x) ) ∫x∞ inerfc(x) dx; i0erfc(x) ) erfc(x) )
(2/xπ)∫x∞ exp(-x2) dx. Therefore φf = φ0 for z . R, and
φf = φ0z2/2N for λ , z , R, so that

At the edge of the adsorbed layer, the concentration of
free chains is small, φf(λ) , φ0 , φa(λ) ∼ ε.
The total concentration profile for z . λ is then

In the region z . λ the total concentration is smaller
than φ0: this is a depletion region. The relative depth
of the depletion (φ0 - φmin)/φ0 (where φmin is the
minimum of the concentration) depends on φ0. For φ0
∼ 1/N the depletion is quite pronounced; the relative
depth is close to unity: φmin/φ0 ∼ 1/ln N. The distance
corresponding to the minimum, zmin, is of the order of
the coil size: zmin ∼ R/xln N. However, as the bulk
concentration decreases (in the region φ0 , 1/N), the
depletion depth rapidly decreases and tends to zero; the

Figure 2. Reduced total concentration profile in the cutoff
region z ∼ λ: φλ(ú) vs ú ) z/λ.

φ(z) = φt(z) ∼ ε exp(-z/λ) (58)

Γ ) 2
b

+ 7.07(Nb)-1/3[ln N
b2]-1/3

-

7.24N-1/2[ln 1
φ0b

2]1/2 (59)

φ(0) =
2
b2

- 2ε =
2
b2

- 2
N
ln( 1
φ0b

2)

φf(z) ) φ0P(z/R) (60)

φf(λ) ∼
φ0

εN
(61)

φ(z) ) φa(z) + φf(z) )
const ε exp(-z/λ) + φ0P(z/R) (62)
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position of the minimum, zmin, in this regime shifts to
the region z . R: zmin = D ≡ 2Nxε.
The total concentration is very close to φ0 in the region

z . R; in this region both φa(z) defined by eq 58 and
δ(z) ≡ 1 - φf(z)/φ0 are exponentially small:

We briefly discuss now the rather academic but still
interesting question of the validity of eqs 63. These
equations are in fact valid only if z is smaller than D )
2Nxε. The exponential decay of the concentration of
adsorbed chains φa can be rederived by the following
simple argument. An adsorbed chain with one end
point at the distance z . λ from the wall consists of two
parts: an adsorbed part (a train) of N - n monomers
and a rather long tail of n monomers and of length z.
The number n is determined by the balance between
the adsorption energy -ε(N - n) (-ε per monomer of
the train) and the elastic energy of the stretched tail
which is z2/(4n) [as far as we are aware, arguments of
this type applied to a different problem were first
published by Johner et al.21]; the result is n )
z/(2xε) so that the effective free energy of the chain is
F1(z) ) -εN + zxε. Therefore, the end distribution is

Note that z/n is constant (independent of z), so that the
tails are nearly uniformly stretched. Their statistics can
be described in terms of Pincus blobs22 of size λ contain-
ing g ) nc ) 1/ε monomers. The total concentration of
adsorbed monomers at a distance z is proportional to
F(z): φa(z) ∼ gF(z). Adsorbing g in the constant in eq
64 gives

in agreement with eqs 58 and 55.
Equation 65 can be valid only if n < N, i.e. for z < D

) 2Nxε. In the region z > D the train part is
negligible and the chain free energy is essentially due
to the stretching of the tail ()of the whole chain): F1(z)
) z2/(4N). Thus, keeping only the exponential terms,
we write the concentration of adsorbed chains

The correction to the concentration of free chains, δ-
(z), is determined both by the interaction with the
adsorbed layer and the wall and by the excluded volume
interaction with other monomers outside the adsorbed
layer (i.e. in the region z > λ). This correction can be
calculated by perturbation theory (the details being
omitted here). For z < D, it is the interaction with the
wall which is dominant so that eq 63 is valid. For z >
D the situation is opposite; if D < z < 2D then the
critical chain conformation (giving rise to a dominant
contribution to δ(z)) is a nearly uniformly stretched
chain with one end at the distance z - D and the other
end at the distance z from the wall; if z > 2D then the
critical conformation implies that the ends are at
distances z/2 and z. The final results (with the same

accuracy as in eq 66) are

Comparing eqs 66 and 67, we see that φa(z) is much
larger than φ0 - φf(z) if z < D and vice versa if z > D;
thus these equations confirm that the minimum of φ(z)
is located at z ) D.
C. Free Chains: Penetration. In the region z < λ,

the free chain concentration φf is much smaller than the
adsorbed chain concentration φa. The profile φf(z) is
thus related to the probability of penetration of free
chains into the adsorbed layer. The study of this profile
is important for example to understand the dynamics
of adsorption.
We will consider only the scaling behavior of φf,

ignoring numerical prefactors. For that purpose we can
still use eqs 42-44. Note that in the region z , λ the
molecular field U(z) is much larger than ε, which can
be neglected. Also, in this region, the free chain order
parameter is small, ψf(z) , 1. Therefore the differential
equations (35) and (44) for the two functions æ(z) and
æf(z) are nearly identical with similar boundary condi-
tions at z ) 0. Thus

(the boundary conditions at z f ∞ are irrelevant for the
behavior of these functions in this region). The dif-
ferential equations (29) and (43) for ψ(z) and ψf(z) are
also nearly identical. However, the boundary conditions
(at z ) 0) are different. Yet the structure of the
differential equation implies a general relation between
any two of its solutions, which in terms of ψ and ψf can
be written as

The boundary condition ψf(0) ) 0 has been taken into
account in this relation.
The whole concentration profile of free chains φf(z) can

be found using eqs 68 and 69, and the results, eqs 50a,
50b, 57a, and 57b, for the functions ψ(z) and æ(z). The
integration constant is fixed by matching φf for z ∼ λ
with the profile obtained at large distances, eq 61. The
asymptotic behaviors in the different regimes (including
z * , z , λ and b , z , z*) are given in Table 1. Note
that in the region z ∼ λ it is the central parts of the
chains that give the dominant contribution to φf (this
corresponds to what was called hairpin penetration in
ref 7). It means that the first term in the curly brackets
of eq 42 dominates. This situation persists in a rather
narrow region λ J z J z1 ) λ4/3/R1/3, where φf(z) ∼
φ0(z10/R2λ8). For z , z1 the situation is opposite, φf is
dominated by end penetration (formally corresponding
to the dominance of the second term in eq 42); we obtain
φf ∼ φ0(z7/R3λ4) in the region z1 . z . z*, and φf ∼
φ0[(z*)3/R3λ4]z4 ln(z*/z) closer to the wall, for z* . z .
b. Thus the adsorbed layer is not transparent to free
chains; the permeability of the layer can be character-
ized by the ratio pf ) φf(b)/φ0; omitting log factors, we
get pf ∼ (b/R)5 , 1, so that the permeability is very low.

ln(δ(z)) ) {- z2

4N
, z < D

Nε - zxε, D < z < 2D

-εN - z2

8N
, z > 2D

(67)

æ(z) = æf(z) (68)

ψf(z) ) C1ψ(z)∫0z dz
ψ2(z)

(69)

φa(z) ) const ε exp(-z/λ); δ(z) ) 1 - P(z/R)
(63)

F(z) ) const φ0 exp(-F1(z)) )
const φ0 exp(εN) exp(-z/λ) (64)

φa(z) ) const φ0 exp(εN) exp(-z/λ) (65)

ln(φa(z)/φ0) ) {εN - zxε, z < D

- z2

4N
, z > D

(66)
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V. Semidilute Regimes
In this section, we discuss the change in the structure

of an adsorbed polymer layer when the bulk concentra-
tion increases from a dilute to a concentrated solution
φ0 . φ* ∼ 1/N which we call the semidilute range; the
highest concentration in this regime corresponding to
concentrated solutions is obtained at the end of this
section. In the semidilute range, the concentration
profiles φl, φt, and φf are quantitatively determined by
the set of eqs 28, 30, 35, 29, and 42-44 obtained in
section 3. Thus for any particular concentration, the
profiles can be found as a numerical solution of these
equations. The free chain concentration can be also
found using eqs 68 and 69 in the region z , λ. For z J
λ the second term in eq 42, containing æf and giving the
end contribution, is never important. We describe here
the various possible adsorption profiles and we focus on
analytical (rather than numerical) solutions of the basic
equations to find asymptotic behaviors.
A. Vicinity of O*, 1/N , O0 , E. The characteristics

of the adsorbed layer in this rather narrow regime are
very similar to those of dilute solutions described in the
previous section for φ0 < 1/N. However, there is a slight
difference in the distribution of free chains. For z . λ
the adsorbed layer plays the role of an effectively
impenetrable wall for free chains (as in a more dilute
regime); however, the concentration profile, eq 60,
cannot be used here since the bulk solution is semidi-
lute: the bulk correlation length, ê ) 1/x2φ0 (see eq 9),
is smaller than R. The behavior of a semidilute solution
near a hard wall is well-known;13,23 it is governed by
the equations

(which can be also derived from eqs 42-44). The
solution is ψf(z) ) tanh(z/2ê), and the free chain con-
centration is

(note that ê . λ).
The total concentration φ ) φa + φf = φt + φf in the

region λ , z , ê is then

This shows a pronounced depletion; the concentration
reaches a minimum value, φmin , φ0, in this region. Note
that the relative depth of the concentration hole (φ0 -

φmin)/φ0 is close to unity for φ0 , ε; for φ0 ∼ ε we predict
that φmin ∼ φ0/2.
The change of the profile given by eq 71 also induces

some small changes of the profile φf(z) inside the
adsorbed layer, for z , λ. The equations giving the
concentration profiles and the mean field potential, U,
at various distances from the wall are collected in Table
2.
B. Semidilute-Tails Regime, E , O0 , O1. When

the concentration is increased, the semidilute-tails
regime is reached where the correlation length is shorter
than the cutoff length λ, but longer than z* (λ . ê .
z*),

The scale z* defined by the condition φl(z*) ∼ φt(z*) and
the bound state energy ε are determined by eqs 53 and
55 which remain valid throughout the semidilute-tails
regime. The bound state energy ε is slightly decreasing
with the bulk concentration, εN = ln(1/φ0b2), neverthe-
less the basic condition (19) is fulfilled.
The main results for this regime (which can be

obtained just in the same way as for more dilute
solutions) are shown in Table 3. Note a new regime ê
, z , λ, where the total concentration is close to the
bulk limit, φ0, but is still dominated by tails, the
contribution of loops and free chains being negligible
(the concentration of monomers belonging to loops
decreases as φl ∝ z-4 in this region). Note also that the
depletion is quite shallow in the semidilute-tails regime
(73); the total concentration and the molecular potential,
U, both show a minimum at z ∼ λ; the depth of the
minimum, φ0 - φmin ∼ ε, is small in comparison with
φ0. The concentrations due to free chains and adsorbed
chains are comparable in the cutoff region: φa ≡ φt + φl
∼ φf ∼ φ0/2 for z/λ ∼ 1. As z/λ is decreased, the adsorbed
chain contribution φa tends to φ0 (we assume that still
z . ê), and the concentration of free chains rapidly
decreases.
The permeability of the adsorbed layer, pf ) φf(b)/φ0
∼ (b5/R3)φ0 is increasing with the bulk concentration,
but it remains small throughout this regime.
Using the results shown in Table 3, it is easy to check

that the adsorbance Γ is always close to Γ0 ) 2/b. Thus
the dominant contribution to Γ comes from a thin layer
close to the wall, the characteristic thickness of the layer
being of order b.
C. Semidilute-Loops Region, O1 , O0 , O2. In the

semidilute-loops region, the bulk correlation length, ê,
is shorter than z*, but still the basic inequality (19) is
fulfilled. The first condition imposes φ0 > φ1. The
second condition is equivalent to the requirement that
the adsorbance is dominated by loops (that is “trains”
are much longer than “tails”; see section 3). We must

Table 2. Concentration Profiles for 1/N , O0 , E

regime type φl φt φf U

λ , z , D TH ∼(z*)
6

λ8
e-2z/λ ∼1

λ2
e-z/λ

φ0 tanh
2( z2ú) φt + φf - φ0

z* , z , λ TE 1800(z*)6

z8
20
z2

∼φ0 z7

R2úλ4(1 + z3R2

λ4ú ) φt

b , z , z* LE 2
z2

4z
(z*)3

ln(z*z ) ∼φ0
z4(z*)3

R2úλ4
ln(z*z ) φl

-ψ′′f + Uψf ) 0; U ) φ - φ0; φ ) φ0ψf
2;

ψf(0) ) 0; ψf(∞) ) 1 (70)

φf(z) ) φ0 tanh
2( z2ê) z . λ (71)

φ(z) = const ε exp(-z/λ) + φ0
z2

4ê2
(72)

ε , φ0 , φ1 ) (bN)-2/3 (73)
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thus compare the contributions of loops and tails to the
adsorbances Γl and Γt, respectively. The contribution
of loops, Γl, is dominated by the short loops close to the
wall, it is nearly equal to Γ0 ) 2/b. In order to estimate
the tail contribution, Γt, we note that tails give a
dominant contribution to the total concentration in the
region z* < z < λ since the free chains only slightly
penetrate into the region z , λ. On the other hand the
total concentration in the region z* < z < λ is close to
φ0 since z* is much larger than the bulk correlation
length. Therefore Γt ∼ (λ - z*)φ0 ∼ λφ0 (it is explicitly
checked below that λ . z*).
Therefore the condition Γl . Γt can be written as 2/b

. λφ0, or φ0 , 1/bλ; the cutoff length, λ ) 1/xε, is
roughly of the order of the gyration radius R, and we
finally get φ0 , φ2 where

The concentration near the wall, for z , z*, is
dominated by short loops. Hence the results obtained
from the classical ground state dominance approxima-
tion outlined in section 2 are valid in this region (see
eq 10):

where â is defined in eq 9. The order parameter ψ(z) is
close to xφ0 in the region z > ê.
We now consider the distributions of loops and tails

in the region ê , z , z* more closely. The concentration
profiles are governed by the basic differential equations
(29) and (35), where ε can be neglected in comparison
with U (the condition U . ε is verified below). Thus

Instead of the second equation (35), it is convenient to
use here the conservation equation (46) which is valid
since the contribution of free chains is negligible in the
region closer to the wall than the cutoff length, z* , λ.
Neglecting the last term (proportional to ε) in the left
hand side of eq 46, we obtain

As the order parameter ψ(z) is close to xφ0, we can
write ψ(z) ) xφ0[1 + η(z)], where η(z) is small. The
tail contribution φt ) Bψæ can be also considered as a
small perturbation (φt , φl = φ0). Up to leading order

in these perturbations, η and φt/φ0, eqs 76 and 77 read

where we define the length

In the region z . ê the first term in eq 78 can be
neglected, so that η + æ/(2l2) = 0. Substituting this last
equation into eq 79, we get η′ = -1/l and æ′ = 2l; the
boundary condition æ(0) ) 0 thus leads to

The contributions of tails and loops to the monomer
concentration are

Therefore φt ∼ φl for z ∼ l, so that the scale l must be
identified with z*:

The molecular fieldU ) φl + φt - φ0 is nearly zero when
ê , z , z*. Extending the perturbation expansion to
higher orders, we obtain

The potential slightly decreases in this region and
remains approximately constant. We also see that,
indeed, the typical valueU∼ 1/(z*)2 is much larger than
ε ) 1/λ2 because λ . z*.
In the more distant region z* , z , λ, the contribution

of free chains to the total monomer density is still
negligible. Here the functions ψ and æ and also the
profiles φl, φt are obtained directly from the basic
equations (29) and (35). The results are

Table 3. Concentration Profiles for E , O0 , O1 ≡ 1/(bN)3/2

regime type φl φt φf U

λ , z , D TH ∼φ0
(z*)6

λ4ê2
e-2z/λ ∼φ0e-z/λ φ0 - φt + U -(êλ)

2
φt

ê , z , λ TE 1
18
φ0
(z*)6

z4ê2
φ0 ∼φ0 z5

R2λ3(1 + zR2

λ3 ) 6
z2

z* , z , ê TE 1800(z*)6

z8
20
z2

∼φ0 z7

R2ê2λ3
20
z2

b , z , z* LE 2
z2

4z
(z*)3

ln(z*z ) ∼φ0
z4(z*)3

R2ê2λ3
ln(z*z )

2
z2

φ2 ) 1
bN1/2

(74)

φ(z) = φl(z) = φ0 coth
2( z2ê

+ â) (75)

-ψ′′ + Uψ ) 0; U ) ψ2 + Bψæ - φ0 (76)

(ψ′)2 + Bψ′æ′ + Bψ - 1
2
U2 ) 0 (77)

-ê2η′′ + η + 1
2l2

æ ) 0 (78)

φ0[(η′)2 + 1
l2

η′æ′] -
φ0

2

2 [2η + æ
l2]2 + Bxφ0 ) 0 (79)

l ≡ φ0
1/4

B1/2

æ(z) = 2lz; η(z) = -z/l (80)

φl(z) = φ0[1 - 2z/l]; φt(z) = 2φ0z/l (81)

z* ) l ) ê(φ0
3/2NK/Γ)1/2 (82)

U(z) =
3
2( 1z*)

2(1 - z
z*) (83)

æ(z) ) z2/4; ψ(z) ) 4xφ0(z*z )
2

(84)

φt(z) = φ0; φl(z) = 16φ0(z*z )
4
; U(z) =

6
z2

(85)
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The crossover length z* can now be estimated. The
only unknown quantity in eq 82 is K ) ∫ψ(z) dz. The
order parameter ψ(z) has the following asymptotic
behavior

Therefore K ∼ xφ0z* and

The bound state energy, ε, is defined by eq 25 which
gives with logarithmic accuracy

Therefore the condition εN . 1 is indeed satisfied in
the region φ0 , φ2. One can also check directly that λ
. z*.
The tail contribution to the monomer density in the

region b , z j ê is φt ) Bψæ. The function æ is defined
by eqs 35; in the region z ∼ ê we estimate æ ∼ êz* (see
eq 80) and U ∼ φ ∼ 1/ê2; therefore Uæ ∼ z*/ê . 1 so
that 1 in the right hand side of the differential equation
(35) can be neglected and

Thus the differential equations for ψ and æ are identical
and there is a relationship between these functions
similar to eq 69:

One can easily check that æ(z) given by eq 89 is very
close to the exact solution of eqs 35 in the whole region,
b , z , z*. Using eqs 89 and 8 we get

The unknown constant in the first eq 90 can be found
by matching this equation with the second eq 81 in
the region ê , z , z*. The final result valid in the

whole region b , z , z* is

All the asymptotic results for the monomer densities
due to loops, tails, and free chains are collected in Table
4. Note that the behavior of tails and free chains in
the cutoff region z∼ λ is nearly the same as for the more
dilute regime φ < φ1. In particular the total monomer
concentration is slightly depleted in this region, the
relative depth of the depletion being ∼ε/φ0. The mono-
mer density of free chains in the region z , λ is found
using eqs 68 and 69. Note that as in the previous
regime (for φ < φ1) the concentration φf is dominated
by end penetration for z < λ3/R2, i.e. almost everywhere
inside the adsorbed layer. The penetration factor is pf
) φf(b)/φ0 ∼ (b7N2/λ3)φ04.

VI. Concentrated Solution
A. Asymptotic Limit of Infinite Chains. In the

previous section we have considered the semidilute
regimes φ0 , φ2 ) 1/bxN in the limit of strong
adsorption where the binding energy per chain, εN, is
large. We now turn to the concentrated regime φ0 .
φ2, which is actually a regime of weak adsorption: the
binding energy per chain is small, εN , 1, so that the
bound state is unimportant.
At the boundary of the weak adsorption regime, φ0 ∼

φ2, both the cutoff length λ and the length z* are of the
order of the Gaussian size: λ ∼ z* ∼ R (eqs 68 and 69).
The weak adsorption regime is thus characterized by a
single large length scale, the gyration radius R. The
other (shorter) relevant length scales are the bulk
correlation length, ê ) 1/x2φ0, and the extrapolation
length b.
In the region z , R, loops dominate and the standard

mean field results obtained in the limit N f ∞ are
applicable. In particular the total concentration is given
by eq 10:

for z , R (â is defined in eq 9), so that φ is extremely
close to φ0 for z . ê. Clearly, eq 92 is also valid in the
region z J R. The density of chain ends, F(z), is
proportional to ψ(z) given by eq 8. Taking into account
the bulk value F ) 2φ0/N we thus get

Table 4. Concentration Profiles for O1 , O0 , O2 ) 1/bN1/2; here z* ∼ O0Nb

regime type φl φt φf U

λ , z , D TH ∼φ0
(z*)4

λ4
e-2z/λ ∼φ0e-z/λ φ0 - φt + U -(êλ)

2
φt

z* , z , λ TE 16φ0(z*z )
4

φ0 ∼φ0 z5

R2λ3(1 + zR2

λ3 ) 6
z2

ê , z , z* LE φ0[1 - 2 z
z*

+ 3( ê
z*)

2] 2φ0
z
z* ∼φ0

z2(z*)3

R2λ3
3φ0( ê

z*)
2(1 - z

z*)

b , z , ê LE 2
z2

2
3
φ0
z
z* ∼φ0

z4(z*)3

R2ê2λ3
2
z2

φt(z) )
2φ0z
z*

ft( z2ê) (91)

φ
(0)(z) ) φ0 coth

2( z2ê
+ â) (92)

F(0)(z) )
2φ0
N

coth( z2ê
+ â) (93)

ψ(z) ) xφ0 × {2ê
z

b , z , ê

1 ê , z , z*

(2z*z )2 z* , z , λ

z* ∼ Nφ0b (86)

ε =
4
N
ln R
z*

) 4
N
ln
φ2

φ0
(87)

-æ′′ + (U + ε)æ = 0 (88)

æ(z) = const ψ(z)∫0z dz
ψ2(z)

(89)

φt(z) ) const zft( z2ê);
ft(x) ) 1

tanh(x)[ 1
tanh(x)

- 1
x] (90)
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The molecular field in the asymptotic limit is

The contributions of loops and tails in the region
z . ê, in the asymptotic limit, can be directly obtained
from the partition function of an ideal chain submitted
to an external field U0(z) and interacting with the wall.
The potential U0(z) is local with a characteristic scale
of order ê, its effect in the region z . ê can therefore
be accounted for by a boundary condition at z ) 0.
The proper effective boundary condition (which is the
only one compatible with the ground state solution ψ )
const for z . ê) is ψ′(0) ) 0. This condition means
that the wall and the potential can be replaced by an
effective mirror located at z ) 0. Using the image
charge principle, we get the partition functions of
Za and Zf corresponding to the adsorbed and free states:
19

Substituting eqs 95 into eqs 72a-27c we find

where Pa(x) ) Pl(x) + Pt(x).
Taking into account the fact that loops dominate in

the crossover region z ∼ ê, we combine eqs 92 and 96a
and obtain the loop concentration as

However the same matching is not possible for the tail
and the free chain concentrations, φt and φf since these
contributions are subdominant in the region z ∼ ê. The
variations of φt(z) and φf(z) in the crossover region can,
however, be derived from eqs 30, 35, and 42-44. Even
though the formalism described in section 3 is not valid
everywhere in the concentrated regime, these equations
remain valid in the region z , R. The relationship (89)
between the function ψ(z) and the order parameters
æ(z), æf(z), and ψf(z), also remains valid, and these three
parameters are given in the region z , R by the right
hand side of eq 89 with different prefactors. Matching

the results with the behavior at large distances z , R,
we obtain the crossover results

where

The loop, tail, and free chain contributions to the
monomer density in the asymptotic approximation are
given by eqs 97-100, which are valid at all distances z.
The asymptotic behaviors of the various concentrations
are collected in Table 5. The total monomer concentra-
tion rapidly tends to φ0 in the region z . ê: the
difference φ - φ0 decays exponentially in this region.
In the next section, we discuss finite size corrections to
these asymptotic results.
B. Finite Size Corrections. The total monomer

concentration in the region z . ê has two finite size
corrections to the asymptotic value φ(z) ) φ0. One is
due to the approximate solution calculated for the
ideal chains in a given external potential U0, and the
other one is due to the correction to the potential U0
itself. We first discuss the first correction, δφ1(z). Since
there is only one characteristic length scale (namely R)
in the region of interest, the correction is a universal
function of z/R with a nonuniversal prefactor:

The end point density can also be written in the same
dimensionless form:

The nonuniversal prefactor A is found using the follow-
ing trick.
The asymptotic behavior for the concentration intrin-

sically implies a correction. The total excess amount
of monomers near the wall in the asymptotic limit is

where ψ(z) is defined in eq 8. The same quantity can
also be calculated by counting the excess number of

Table 5. Concentration Profiles for O2 , O0 , 1/b2

regime type φl φt φf U

z . R TH φ0

xπ(Rz)3 exp(- z2

R2) 16

xπ
φ0(Rz)3 exp(- z2

4R2) φ0 + U 2
bφ0R

3
G̃(zR)

ê , z , R LH φ0(1 - 4
xπ

z
R) 4

xπ
φ0
z
R

φ0z
2

2R2

2
bφ0R

3(-0.308 + z
4R)

b , z , ê LH 2
z2

4

3xπ
φ0
z
R

1
72
φ0

z4

R2ê2
2
z2

φt(z) ) φ0ft( z2ê
,â)Pt( zR) (98)

φf(z) ) φ0ff( z2ê
,â)Pf(zR) (99)

ft(x,â) ) coth(x + â)
f(x + â) - f(â)

1 - f(â)

ff(x,â) ) [f(x + â) - f(â)
1 - f(â) ]2;

f(x) ) coth(x) - 1/x (100)

δφ1(z) ) AF1(z/R) (101)

δF1(z) ) A
N
G1(z/R) (102)

Γφ
(0) ) ∫[φ(0)(z) - φ0] dz ) φ0∫[ψ2(z) - 1] dz (103)

U(0)(z) ) φ
(0)(z) - φ0 )

φ0

sinh2( z2ê
+ â)

(94)

Zf(n,z) ) 2∫0z dz
x4πn

exp( z24n);
Za(n,z) ) 1 - Zf(n,z) (95)

φl(z) ) φ0Pl(z/R); Pl(x) ) 4i2erfc(x) (96a)

φt(z) ) φ0Pt(z/R);

Pt(x) ) 8i2erfc(x/2) - 8i2erfc(x) (96b)

φf(z) ) φ0Pf(z/R); Pf(x) ) 1 - Pa(x) (96c)

φl(z) ) φ0 coth
2( z2ê

+ â)Pl(zR) (97)
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chain end points Ne ) ∫[[F(z)/v] - [2φ0/Nv]] dz. The total
excess of monomers is then ΓF ) (Nv/2)Ne since two
excess ends correspond to an excess volume Nv. We
therefore obtain

The two expressions for the same quantity are thus dif-
ferent: Γφ

(0) * ΓF
(0). The difference ∆(0) ≡ Γφ

(0) - ΓF
(0) must

be compensated by the corrections: ∆(0) ) δΓF - δΓφ,
where δΓφ ) ∫δφ1(z) dz; δΓF ) ∫δF1(z) dz. The prefactor
A is thus equal to

where C is an unknown universal numerical constant
that can be expressed as a function of the integrals of
the dimensionless functions F1(z/R) and G1(z/R). Using
eq 8 we estimate A ∼ 1/bR so that A , φ0 in the region
φ . φ2, as expected.
The other correction, δφ2, is due to the large scale

correction to the molecular field, δU(z) ) δφ(z):

where κ̂ is the generalized susceptibility of the system,
which is in fact an integral operator. For a smooth
potential δU with a characteristic scale of order R (or
larger) we use the zero wavevector susceptibility of a
Gaussian chain κ̂0 ∼ Nφ0. [The last equation can be
easily verified in the limit of very smooth δU with
characteristic wavelength .R. Note that NδU is the
chain potential energy; thus the distribution of chain
ends is F(z) ) const exp[-NδU(z)], so that δφ/φ0 )
-NδU.] Thus we write

or (1 + κ̂0)δφ ) δφ1. Taking into account that for
concentrated solutions, Nφ0 . 1, we get

where F is a universal function. The total correction to
the concentration profile can then be expressed as

The numerical constant C has here been absorbed in
the definition of F. Equation 107 can also be derived
in a more rigorous way from the general form (18) of
the solution of the basic eq (17).
The universal function F can be calculated directly

from linear response theory by considering a very
concentrated solution or a very weakly adsorbing wall:
b . ê. In this case, φ(z) - φ0 is small everywhere
compared to φ0 and the adsorbing wall can be considered
as a perturbation. The boundary condition (7) is
equivalent to an attractive potential -(1/b)δ(z - 0).
Using also the image charge principle, we replace the
wall by a double well (two δ-wells to the right and to
the left of the plane z ) 0, separated by an infinitesimal
distance); thus the equivalent external potential is

The perturbation of the monomer density induced by
Us is

where κ̂Us(z) ≡ ∫ κ(z - z′)Us(z′) dz′, κ(z) ≡ ∫ κqeiqz(dq/
2π). Here κq is the generalized susceptibility of the
system, which can be calculated using the random phase
approximation (RPA). The result is well-known:13

where κ0(q) is the susceptibility of the corresponding
ideal system of noninteracting chains and gD is the
Debye function,

In the limit where φ0N . 1, we represent κq as

where terms of order (1/φ0N)2 and higher order terms
are omitted; the function G has been defined in such a
way that it vanishes when x is large. After Fourier
transformation of eq 111, we get

where

and we neglected a slight renormalization of the cor-
relation length, ê.
The second long-scale term in the right hand side of

eq 112 gives the finite size correction to the concentra-
tion (the first short-scale term is exponentially small
in the region z . ê). Using eqs 109 and 112, we finally
obtain the large-scale perturbation of the monomer
density which is valid if b . ê:

Comparing now eqs 107 and 114, we obtain

This gives the correction to the concentration profile in
the general case:

where

δφ(z) ) -κ̂Us(z) ) 2
b
κ(z) (109)

κq )
κ0(q)

1 + κ0(q)
; κ0(q) ) φ0NgD(Nq

2) (110)

gD(x) )
2(x - 1 + exp(-x))

x2

κq =
φ0N

(φ0N + 0.5) + 0.5Nq2
+
G(Nq2)
φ0N

;

G(x) ≡ x + 1
2

- 1
gD(x)

(111)

κ(z) =
1
2ê

exp[-(zê)] + 1
φ0N

3/2
G̃( zR) (112)

G̃(x) ) ∫G(k2) exp(ikx) dk2π
(113)

δφ(z) =
2

bφ0N
3/2
G̃(zR) (114)

F(zR) ) 4G̃( zR) (115)

δφ(z) ) 8ê
N3/2

Ã(êb)G̃(zR) (116)

Ã(x) ) ln 2 - 1 + x + xx2 + 1 - ln(x + 1 + xx2 + 1)

ΓF
(0) ) φ0∫[ψ(z) - 1] dz (104)

A ) Cδ(0)/R ) C
φ0

R∫[ψ2 - ψ] dz (105)

δφ2 ) -κ̂0δU

δφ ) δφ1 + δφ2 ) δφ1 - κ̂0(δφ)

δφ(z) = κ̂0
-1δφ1 ) A

Nφ0
F(z/R) (106)

δφ(z) ) 1
N3/2{∫0∞[ψ2 - ψ] dz}F(zR) (107)

Us(z) ) - 2
b

δ(z) (108)
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In particular in the region φ2 , φ0 , 1/b2 the total
concentration profile φ(z) ) φ(0)(z) + δφ(z) is

The magnitude of the perturbation in the crossover
region φ0 ∼ φ2 is thus δφ ∼ 1/N. Note that this result
is consistent with eq 83; our results for the concentrated
and semidilute regimes cross over smoothly at φ0 ∼ φ2.
The universal function G̃(x) is plotted in Figure 3; it

reaches a minimum at x ) 0, and a weak maximum at
x = 3.5 where G̃(3.5) = 3 × 10-4. The function is
characterized by the following asymptotic behaviors

The monomer density φ(z) shows thus damped oscilla-
tions in the region z > R; note, however, that the
amplitude of these oscillations is always very small.
Another interesting conclusion which can be drawn from
eq 117 is that the variation of φ(z) is nonmonotonic even
in the region z , R; the monomer density reaches the
first minimum in the “correlation” region near the wall,
at z ) zmin ) ê ln(bR4/4ê5), so that φ(z) is increasing
slowly in the region zmin < z < 3.5R. This feature
disappears in the crossover region, φ0 ∼ φ2; for φ0 < φ2
the monomer density is decreasing in the whole region
between the wall and the cutoff length (see Table 4).
Finally, the value of the bound state energy ε in the

concentrated region can be calculated by generalizing
the perturbation scheme. This leads to

The binding energy εN ∼ (φ2/φ0)2 is small in the whole
concentrated regime, as expected.

As a summary of this section, we present in Figure 4
qualitative sketches of the concentration profiles in the
various regimes that show the different relevant length
scales.

VII. Scaling Theory
In this section, we use scaling arguments to generalize

the results obtained in the mean field approximation
to polymers in a good solvent where the excluded volume
correlations play an essential role at short distances.
The concentration profile of a semidilute polymer solu-
tion close to an adsorbing surface has been constructed
by de Gennes.5 Locally, the solution has the same
structure as a bulk semidilute solution but with a mesh
size decreasing toward the adsorbing surface. The
scaling ansatz that leads to a de Gennes self-similar
profile is that the local correlation length is proportional
to the distance z from the wall. This leads to a
concentration profile decaying as

where ν is the swelling exponent of a polymer chain in
a good solvent (approximately equal to 3/5) and d is the
space dimension that we keep here as a variable, the
useful case corresponding to d ) 3. This self-similar
profile is cut off at large distances at the bulk correlation
length ê in a semidilute solution or at the chain radius
of gyration R = Nν in a dilute solution; beyond the bulk
correlation length, the concentration has the bulk value
φ0. At small distances, the self-similar profile is cut at
the distance b which characterizes the wall attraction.
In order to ignore the complicated proximal effects, we
consider here only the strong adsorption limit were b ∼
a.24
We now discuss the relative importance of loops and

tails in the adsorbed layer over the whole concentration
range from dilute to concentrated solutions using scaling
arguments based on those of Semenov and Joanny12 for
adsorption from dilute solutions. We also assume
throughout that the qualitative picture of the structure
of the adsorbed layer that emerges from the mean field
theory remains valid.
A. Scaling Approach in a Dilute Solution. The

structure of a polymer layer adsorbed from a dilute
solution has been discussed in ref 12, we summarize
here the arguments. The self-similar structure of the
adsorbed layer imposes that the surface density of chain
sections (loops or tails) of size larger than n is of order
one per local mesh of area ê(z)d-1, where ê(z) is the local
correlation length ê = z = nν. Close to the wall, loops
dominate over tails and the distribution of loop sizes is
Zl(n) = n-ν(d-1)-1. This distribution Zl(n) is also, in the
language used above, the partition function of a loop of
size n. The partition function of a tail of n monomers
can be calculated from that of a loop of 2n monomers
by joining the free end points of two tails to form a loop.
The partition function of a loop is thus related to that
of a tail by

where γ = 1.16 is the susceptibility exponent. There-
from the partition function of a tail is

The concentration of chain end points can be directly

Figure 3. Reduced correction to the bulk concentration (φ0)
in the concentrated regime for z > ê: G̃(z/R) vs z/R.

φ(z) = φ0 coth
2( z2ê

+ â) + 8
bφ0N

3/2
G̃( zR) (117)

G̃(x) )

{-0.308 + 0.25x, x , 1
1.39 sin(1.68x + 0.922) exp(-2.218x), x . 1

(118)

ε ) ( 4
bφ0N)2, φ2 , φ0 , 1/b2 (119)

φ(z) = z1/ν-d (120)

Zl(n) ≈ Zt
2(n/2)n-νn1-γ (121)

Zt(n) = n(-ν(d-2)+γ)/2-1 (122)
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calculated from the tail partition function, the normal-
ization is given by the total number of end points 2Γ/N
where Γ = a-(d-1) is the adsorbance. We obtain Fa(z) ∝
z-â/ν where the exponent â is equal to (νd - γ)/2, â/ν ∼
1/2. In the magnetic analog to the polymer problem,
the concentration of end points corresponds to the order
parameter which decays with the exponent â/ν. From
the chain end concentration, we determine the concen-
tration of monomers belonging to tails

where n ) n(z) ∼ z1/ν is the typical number of links in a
blob of size z (note that a is the unit length).
The concentration of monomers belonging to tails

grows from the wall and becomes larger than the
concentration of monomers belonging to loops at z*

Further away from the wall (z > z*), the concentration
is no longer dominated by loops but by the tail contribu-
tion. The mean field theory suggests that the concen-
tration still decays as the same power law z1/ν-d, as in
the loop region with a different (higher) prefactor. The
tail partition function can then be calculated from the
concentration profile and the loop partition function
from eq 121:

Using eqs 122 and 125 we get the end concentration:

The concentration of monomers belonging to loops
decays then (in the region R > z > z*) with a high power
of z

As suggested by the mean field theory, there is only one
characteristic length scale z* in the central region b <
z < R, and all the concentration profiles can be written
in a scaling form φl,t = z1/ν-df(z/z*). The scaling
function f for the total concentration reaches a finite
value at both large and small values of z. The distal
region (z > R) is thus almost only built up by tails; the
tail concentration in this region decays exponentially
over the radius R (we do not consider here the logarith-
mic dependence of the cutoff length on the bulk con-
centration).
B. Scaling Theory in a Semidilute Solution. We

now discuss the relative importance of loops and tails
in a semidilute solution. As in the mean field theory,
two characteristic concentrations play an important
role.25 The concentration φ1 is reached when the
bulk correlation length is equal to the crossover dis-
tance z*

a

b

c

d

Figure 4. Qualitative sketch of the concentration profiles showing the relevant length scales: (a) dilute regime; (b) semidilute
tail regime; (c) semidilute loop regime; (d) concentrated regime.

φt(z) = ∫zR dz′ Fa(z′)
dn
dz

=
1
N
z(1/ν)-1 (123)

z* = N1/(d-1) (124)

Zt = N(γ+νd)/2ν(d-1)n-1-ν(d-1) (125)

Zl = N(γ+νd)/ν(d-1)n-1-γ-ν(2d-1) (126)

Fa(z) =
1

Nz*( zz*)
-â/ν

z < z*; Fa(z) =
1
zd

R > z > z*

(127)

φl(z) = N(γ+νd)/ν(d-1)z(-2νd+1-γ)/ν (128)

φ1 = N(1-νd)/ν(d-1) = N-2/3 (129)
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The concentration φ2 is reached when the adsorbance
due to the large loops or tails φR(φ) (where R(φ) =
N1/2φ(2ν-1)/2(1-νd) is the radius of a chain in a semidilute
solution) is of the order of the contribution of the small
loops (the surface excess Γ = a1-d).

When the bulk concentration φ0 is larger than φ2, in a
concentrated solution, the semidilute solution can be
considered as a melt of blobs. At distances smaller than
ê, in the adsorbed layer, the concentration decays as
z1/ν-d and the concentration of loops is the same as in a
dilute solution in the loop region close to the wall. At
distances larger than ê, the mean field results of section
6 can be used with a correlation length ê and a radius
R given by their values in a semidilute solution in a
good solvent.
1. Semidilute-Tails Regime (O* < O0 < O1). In this

regime the crossover size z*, where the tails become
more important than the loops, is smaller than the bulk
correlation length ê. Most of the end points are thus
located inside the adsorbed layer of thickness ê and
therefore most of the chains are trapped inside the
adsorbed layer. The crossover distance has the same
variation with molecular weight as in a dilute solution.
Similarly, eqs 123, 126, and 128 hold for the partition
functions and the concentration profiles inside the
adsorbed layer (z < ê). The large tails and a few loops
are dangling in the solution outside the adsorbed layer.
The large tails build up a finite fraction of the concen-
tration between ê and the chain radius R and have
Gaussian statistics at this length scale. The partition
function of large tails scales then as Zt = n-3/2. Match-
ing the tail partition functions inside and outside the
layer leads to the explicit scaling form:

where g = ê1/ν is the number of monomers per blob in
the bulk. The partition function of a large loop Zl can
be related to that of a large tail Zt using the same trick
as in a dilute solution

If we consider the chain as a chain of blobs, the
connection of the two tails to form a loop requires the
connection of the last blob of each tail which gives the
first two factors in the right hand side of eq 132 and
inside this last blob the meeting of the two end points
which gives the last factor. The partition function of a
large loop then reads

From the partition functions we calculate the chain end
concentration Fa and the concentration of monomers
belonging to large loops φl.

Only a fraction (z*/ê)d-1 of the end points belonging to

adsorbed chains is found outside the adsorbed layer.
A finite fraction of the chain ends is located on either
side of z* inside the adsorbed layer. At the concentra-
tion φ1, z* becomes equal to the bulk correlation length
and a finite fraction of ends belonging to adsorbed
chains is located in the bulk of the solution. One can
also check that these scaling results are in agreement
with the mean field results of Table 3 in the limit d )
4, ν ) 1/2.
2. Semidilute-Loops Regime (O1 < O0 < O2). In this

regime the adsorbed chains form large loops outside the
adsorbed layer. The crossover between loop and tail
dominance is located in the bulk solution, z* > ê. Large
loops dominate over tails just outside the adsorbed
layer, and build up there a finite fraction of the bulk
concentration. The large loop partition function is
obtained by matching at z = ê the loop partition
function, Zl(n) ∝ n-3/2, outside the adsorbed layer
to the loop partition function in the adsorbed layer
(which is identical to that of the dilute case when z ,
z*):

Wherefrom we obtain the large tail partition function:

The partition functions show that most ends of the
adsorbed chains are located behind the adsorption layer.
Close enough to the adsorption layer, in the region
ê < z < z*, the concentration built up by the large tails
reads

The concentration due to the tails increases from the
wall and reaches the concentration due to the large loop
at z ) z*:

Further away from the wall, the large tails dominate
and build up a finite fraction of the bulk concentration.
The partition function of the large tails beyond z* (n >
n* = z*1/ν) is

and the related partition function of large loops (n >
n*):

The concentration due to the large loops has a fast
power law decay beyond z*

Only a fraction ê/z* of the ends belonging to adsorbed
chains are located within the adsorbed layer in this
regime. A finite fraction of the ends is found on either
side of z* beyond the adsorption layer. The end con-
centration scales as

Zl = Zl(g)(ng)
-3/2

(135)

Zt = Zt(g)(ng)
-1/2

(136)

φt =
z
N
g1-2ν (137)

z* = Ng-(d-2)ν = Nφ0
(d-2)ν/(dν-1) (138)

Zt = Zt(g)(n*g )
-1/2( nn*)

-3/2
(139)

Zl = Zl(g)(n*g )
-3/2( nn*)

-7/2
(140)

φl(z) = φ0( zz*)
-4

(141)

φ2 = N(1-νd)/(2ν(d-1)-1) = N-4/7 (130)

Zt(n) = N(γ+νd)/2ν(d-1)g-1-ν(d-1)(ng)
-3/2

(131)

Zl(n) = Zt
2(n/2)(ng)

-1/2
g1-γ-ν (132)

Zl(n) = N(γ+νd)/ν(d-1)gν-1-2νd-γ(n/g)-7/2 (133)

Fa(z) ) 1
êd(

z
ê)

-2
(134a)

φl(z) ) φl(ê)(zê)
-4

(134b)
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At the concentration φ2 where the adsorbance becomes
dominated by large loops and tails, the crossover length
z* becomes equal to the semidilute chain radius; in the
concentrated regime, z* becomes a fraction of the chain
radius and is not a specific scale.

VIII. Concluding Remarks
In this paper, we have considered the equilibrium

adsorption of linear polymers using a mean field ap-
proach. We have studied both cases of strong (εN . 1)
and weak (εN , 1) adsorption, where εN is the effective
adsorption or binding energy per chain. Most of the
results correspond to the strong adsorption limit (sec-
tions 4 and 5) which is the most relevant from the
experimental point of view. The results have also been
extended to good solvents using a scaling analysis.
One of the main messages is that the ground state

dominance approximation (εN . 1) is not sufficient to
ensure the validity of the classical approach outlined
in section 2. Most of the qualitatively new features are
connected with the existence of chain tails: we find a
wide region away from the wall (z* < z < λ) where the
contribution of tails to the monomer concentration is
dominant. The formalism developed in section 3 allows
a quantitative analysis over the whole concentration
range of the different contributions to the monomer
concentration (due to loops, tails, and free chains) in
terms of four basic functions ψ, æ, ψf, and æf in the
general case and two (ψ, æ) in the absence of free chains.
[Note that in most cases the last function, æf, can be
related to æ by eq 68, so only three functions are
independent.] All the concentration profiles are related
to these functions which can be found as a solution of a
system of differential equations (35), (29), (43), and (44).
The tails are expelled from the region close to the

adsorbing wall and thus induce a thickening of the
adsorbed layer, i.e. an increase of concentration away
from the wall in the region z J z*. This effect increases
with the number of tails which in turn is inverse pro-
portional to the polymer molecular weight. We there-
fore predict an anomalous variation of the monomer
adsorbance Γ which decreases with molecular weight
in the asymptotic limit of very large molecular weights.
The thickening effect of chain tails also makes the

adsorption layer less penetrable to free chains. For
example at a bulk concentration φ0 ) φ1 ) 1/(bN)2/3 the
tail effect induces a reduction of the penetration factor
of free chains pf by a large number ∼N/b2.
Another interesting qualitative feature is the deple-

tion hole in the concentration profile that exists at any
bulk concentration at a distance zmin from the wall
where the concentration reaches a minimum value φ <
φ0. In most regimes the distance zmin is of the order of
the cutoff distance λ, which is comparable to the radius
of gyration R. However it can be much larger than R
for a very dilute bulk solution, φ0 , 1/N, or much
smaller than R in the concentrated regime, φ0 J φ2.
In the whole paper we have assumed that the attrac-

tion to the wall is strong enough that the extrapolation
length, b, is much shorter than R ) xN. The case b .

R is simpler: in this regime an RPA perturbation
approach similar to that done in section 6.2 is applicable
at all concentrations. Using this approach one finds a
monomer concentration profile with multiple minima
which is characteristic for a concentrated regime (φ >
1/N), that smoothly crosses over to a density profile with
essentially a single minimum in the region φ , 1/N.
The mean field theory presented in this work corre-

sponds to the asymptotic limit of large molecular
weights of the general mean field theory. The general
mean field theory of polymer adsorption has been
studied extensively numerically by the Wageningen
group.1 The double layer structure of a polymer layer
adsorbed from a dilute solution with an inner layer
dominated by loops and an outer layer dominated by
tails has been discussed long ago by this group. The
concentration of monomers belonging to tails shows a
maximum in the vicinity of the crossing point between
the concentrations of monomers belonging to loops and
tails. Recent results show a good agreement with eq
53 for the position of this maximum.26 In the region
dominated by loops, a power law decay of the concentra-
tion as 1/z2 is observed. In the tail region no power law
is observed. This is probably due to the fact that the
crossover to the asymptotic behavior is rather broad in
this region, as shown in Figure 1, and that with the
molecular weight values which are accessible (and
which correspond reasonably well to the experiments)
the cutoff length λ is not well separated from the
crossover length z*. In the cutoff region, the concentra-
tions of tails and loops decay both exponentially and the
decay length of the tail concentration is twice that of
the loop concentration. Numerically, the adsorbance
always increases with molecular weight;1 as discussed
in section 4.1 the true asymptotic behavior where the
adsorbance decreases with the concentration would
require extremely high molecular weights. A detailed
comparison between our mean field theory and the
numerical self-consistent field calculations is presented
elsewhere.27
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Glossary
a statistical segment size divided by x6
b extrapolation length
B proportionality constant Fa ) Bψ, φt ) Bψφ
c(r) monomer concentration profile
c0 bulk concentration
ce end concentration
d dimension of space
D range of the attraction felt by a chain facing

the adsorption layer
E0 bound state eigenvalue
Es eigenvalue of the Edwards equation for Z(n,z)
F̃ grand canonical potential
F1(z) free energy of a chain with its end at z . R
Fconf configurational free energy
Fint interaction free energy between monomers
Fs surface free energy

Fa(z) =
1

Nz*(zê)
-â/ν

z < ê (142a)

Fa(z) =
1

Nz*
ê < z < z* (142b)

Fa(z) =
1

Nz*( zz*)
-2

z* < z (142c)
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g Pincus blob of a stretched chain, blob size in
the bulk solution

gD(x) Debye function
K integral of the order parameter ψ(z)
K(q) integral of ψ(q,z)
Ks amplitude of ψs in the eigenmode expansion of

Z(n,z)
inerfc(x) repeated integral of the complementary error

function
l natural unit length in the central region (dilute

regime)
ñ number of monomers of a Gaussian subchain

crossing the free chain depletion layer ñ =
λf2

n* chain size associated with z*, n* = z*1/ν

nc cutoff tail size
N number of monomers per chain
Nc chain length for which Γ is maximum
pf permeability of the layer to free chains pf )

φf(b)/φ0
R Gaussian radius of gyration
T temperature
U molecular potential
Ũ reducedU in the central region (dilute regime)-
Uint interaction molecular field
Us surface potential, surface molecular field
Utot total molecular field
v Edwards excluded volume parameter
z* distance from the wall where the tail monomer

and the loop monomer concentrations cross
z1 crossover from hair pin penetration to end

penetration
Z(n,z) partition function of a chain of length n with

one end at position z
Za(N,z) adsorbed configuration contribution to Z(N,z)
Zf(N,z) free configuration contribution to Z(N,z)
Zl(n) partition function of a loop of size n
Zt(n) partition function of a tail of size n
Ztail(n,z) partition function of a tail of n monomers

ending at z
γ partition function exponent of polymers in a

good solvent
Γ adsorbance
Γ0 adsorbance for infinite chain length
Γ1, Γ2 finite size corrections to Γ
Γl contribution of the loops to the adsorbance
Γt contribution of the tails to the adsorbance
δ(z) relative depletion hole depth
ε adsorption energy per monomer ε ) -E0

ú reduced distance z/l in the central region
(dilute regime)

κ̂0 generalized susceptibility at vanishing wave
vector

κq generalized susceptibility of the bulk solution
λf thickness of the sublayer where free chains are

depleted
µ0 bulk chemical potential
ν swelling exponent
ê bulk correlation length
F(z) end distribution F(z) ) vce(z)
Fa(z) density of end points of adsorbed chains
φ(z) monomer volume fraction profile
φ* bulk overlap density
φ0 monomer bulk volume fraction
φ1 onset of the semidilute loop regime

φ2 crossover to the regime where the adsorbance
is dominated by large tails and loops

φf(z) free chain monomer distribution
φl(z) loop monomer distribution
φmin minimum of the total monomer density (in the

depletion hole)
φt(z) tail monomer distribution
æ(z) order parameter describing the end section

dangling beyond z
æ̃(ú) reduced æ in the central region (dilute regime)
æf(z) order parameter associated with the short tail

of a penetrating chain
ψ(q,z) eigenfunction associated with the eigenvalue

q2 of the Edwards equation (continuum)
ψ(z) order parameter
ψ̃(ú) reduced ψ in the central region (dilute regime)
ψf(z) eigenfunction ψ(0,z), order parameter associ-

ated with a penetrating free chain ending at
z

ψs eigenfunction of the Edwards equation for
Z(n,z)
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